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Abstract. It is our goal to give an inductive description of quadratic Malcev 
superalgebras with reductive even part. We use the notion of double extension 
of Malcev superalgebras presented by H. Albuquerque and S. Benayadi in 
[2] and transfer to Malcev superalgebras the concept of generalized double 
extension given in [5] for Lie superalgebras. 



Introduction 

In this work all the quadratic Malcev superalgebras considered are finite dimen- 
sional, defined over an algebraically closed field of characteristic 0. The description 
of Malcev superalgebras with reductive even part and the action of the even part 
on the odd part is completely reducible was reduced in pQ to the classification 
of Lie superalgebras satisfying the same conditions. This problem was solved by 
Alberto Elduque in [11], inside the description of the structure of semisimple Lie 
superalgebras using the notions of nice extension and elementary extension. 

A quadratic Malcev superalgebra is a Malcev superalgebra where is defined an 
even non-degenerate invariant supersymmetric bilinear form. Quadratic Lie alge- 
bras were classified by A. Medina and P. Revoy in [12] using the notion of double 
extension of Lie algebras. This notion was extended in [6] to Lie superalgebras 
and S. Benayadi, in [7], has used this definition to study Lie superalgebras with 
reductive even part and the action of the even part on the odd part is completely 
reducible having these results been generalized in |] for Malcev superalgebras. 

In case that we do not demand that the action of the even part on the odd part is 
completely reducible we have a larger class of Lie superalgebras with reductive even 
part which contain the preceeding ones and the remaining examples that appear 
in this study, obliged us to use the notion of generalized double extension for Lie 
superalgebras introduced in [5] with the purpose to give an inductive description 
of solvable quadratic Lie superalgebras. 

In this work we generalize all the results mentioned before, presenting an in- 
ductive description of Malcev superalgebras with reductive even part. We prove 
that if il is the set formed by {0}, the basic classical simple Lie superalgebras, the 
non Lie simple Malcev algebra and the one-dimensional Lie algebra, every Malcev 
superalgebra with reductive even part is either an element of il or is obtained from 
a finite number of elements of il by a sequence of double extensions by the one di- 
mensional Lie algebra or/and generalized double extensions by the one dimensional 
Lie superalgebra with null even part or/and orthogonal direct sums. 
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1. Basic notions 

For basic notions and properties concerning quadratic Malcev superalgebras we 
propose to the reader a careful lecture of the [HH]. In this paper, we shall consider 
finite dimensional Malcev superalgebras over an algebraically closed commutative 
field K of characteristic zero. 

Definition 1.1. A superalgebra M — Mg © Mj (meaning a ^-graded algebra) is 
called a Malcev superalgebra if XY = — (—l) xy YX, VxeM^.YeMy, and 

{-l) yz (XZ)(YT) = {{XY)Z)T +{-\)< y+z+t \{YZ)T)X 

+(-i)(»+i')(*+*)((zr)jr)y + {-i) t{x+y+z) ((TX)Y)z, 

for X e M X ,Y e M y ,Z E M z , and T e M t . We shall write X G M x to mean 
that X is a homogeneous element of the Malcev superalgebra M of degree x, with 

x e Z 2 . 

Definition 1.2. Let M be a Malcev superalgebra and <fi : M — ► M an endomor- 
phism of M. We say that is a Malcev operator of M if 

0((XF)Z) = (<f>(X)Y)Z - (-l) xy <j)(Y)(XZ) - {-l) z{x+y \<j){Z)X)Y 

-(-lf(y+*)(j>(YZ)X, VxeM.,YeM„zeM x . 



We denote by \Op(M)j the vector subspace of End(M) formed by the Malcev 
operators of M of degree a {a S Z 2 ). Then Op{M) = (Op(M)) _ ® (Op(Af)) _. 

Definition 1.3. Let M be a Malcev superalgebra. A bilinear form on M is 
called 

(i) supersymmetric if B(X,Y) = (-l)^S(y,X),Vx £ M a! ,r e M !/ . 

(ii) non- degenerate if X 6 M satisfies B(X,Y) — 0, Vysm, then X = 0. 

(iii) invariant if B(XY, Z) = B(X, YZ), Vx,Y,ZeM- 

(iv) even if F) = 0, ^(x,Y)eM a xM ,(a,0)ez 2 xZ 2 (a^)- 

Definition 1.4. A Malcev superalgebra M is called quadratic if there exists a 
bilinear form B on M such that _B is even, supersymmetric, non-degenerate, and 
invariant. It is denoted by (M, B) and B is called an invariant scalar product on 
M. 

Definition 1.5. Let (M,B) be a quadratic Malcev superalgebra. A homogeneous 
map <f> £ End(M) of degree a (with a € Z2) is called skew- supersymmetric if 

B(<KX),y) = -(-lr^A^y)), VxeM^eM. 
We denote by ^Op a (M)J the vector subspace of the skew-supersymmetric ele- 
ments of (Op(M^J . We write Op a {M) = (Op a (M)^_ © (Op a {M)^j which is a 
super- vector subspace of Op(M). 

Definition 1.6. Let M be a Malcev superalgebra and V a ^-graded vector space. 
Let oj : M x M — ► V be a homogeneous bilinear map. If the assertion ui(X, Y) = 
-{-l) xy u{Y,X), VxeM x ,YeM y , and 

(-l) yz uj(XZ,YT) = uj{{XY)Z,T) + {-l) x ^ y+z+t ^uj{{YZ)T,X) 
+ (_l)(x+v)(Ht) a) (( 2T )j ) y) 

+ (-l) i(x+lJ+z) ^((TA)y Z), VxeM„,YeM y ,Z£M z ,T & M t , 
are satisfied we say that w is a Malcev 2-cocycle on M with values in V. 
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Proposition 1.7 ([!]). Let (M,B) be a quadratic Malcev superalgebra and uj : 
M x M — > K a bilinear form of degree a £ Z2 . 

(i) There exists a homogeneous map </> £ End(M) of degree a such that 

w(X,Y) = B(<f>(X),Y), Vx,YeM- 

(ii) to is a Malcev 2-cocycle on M if and only if (f> is a skew- super symmetric 
Malcev operator of M. 

2. Generalized double extension of quadratic Malcev superalgebras 

We consider Ke = (Ke)i the one-dimensional abelian Malcev superalgebra with 
even part zero and Ke* its dual vector space. 

Proposition 2.1. Let (M,B) be a quadratic Malcev superalgebra and D an odd 
skew- super symmetric Malcev operator of (M,B). Let us consider the bilinear map 
if : M x M — > Ke* defined by 

<p{X,Y) = -B(D(X),Y)e*, V x ,yem- 

Then ip is a Malcev 2-cocycle on M with values in Ke*. Moreover, the ^-graded 
vector space M © Ke* with the multiplication defined by 

(X + ae*)(Y + fie*) = XY + ip(X, Y), V(x+ae'),(Y+0e*)e(M®Ke*), 

is a Malcev superalgebra that is called the central extension of Ke* by M (by means 
off)- 

Proof. We will show that M © Ke* is a Malcev superalgebra. Since D is odd 
and skew-supersymmetric we have that ip(X,Y) = —(—l) xv ip(X,Y), for all X £ 
M X ,Y £ My. As the multiplication in M is graded skew-symmetric we conclude 
that also the multiplication defined in M©Ke* is graded skew-symmetric. We have 
to ensure that 

{-1) VZ {{X + ae*)(Z + 7e*))((y + [3e*)(T + Se*)) = 

= (((X + ae*)(Y + (3e*))(Z + 7 e*))(T + Se*) 

+(-l)*fe+*+*)(((y + (3e*)(Z + 7 e*))(T + 5e*))(X + ae*) 

+ {-^) (x+v)(z+t \{{Z + je*)(T + Se*)){X + ae*))(Y + f3e*) 

+ (-l)^ x+y+z \{{T + Se*)(X + ae*))(Y + /3e*)){Z + 7 e*), 

V(X+Qe*)G(M©Ke*) :c ,(^+/3e*)G(M©Ke*) y ,(2+7e*)e(MeKe*) i ,(T+<5e*)e(M©Ke*) t , Or equiv- 

alently, 

(-l) yz {{XZ)(YT) + <p(XZ,YT)} = 
= {(XY)Z)T + <p((XY)Z,T) 

+(-l) x (y +z+ V{((YZ)T)X + <p((YZ)T,X)} 
+(-l)(*+vK*+*){((ZT)X)Y + <p{{ZT)X, Y)} 
+(-iy(x+y+*){((TX)Y)Z + <p{{TX)Y, Z)}. 

V(X+ae*)e(M©Ke*) a; ,(V+^e*)e(M©Ke*) y ,(Z+7e*)e(M©Ke*) i ,(T+(5e*)e(M©Ke*) t • Since B 

is non-degenerate and D is a Malcev operator then we have 

V(X+ae*)e(M©Ke*) a; ,(V+/3e*)G(M©Ke*) B ,(Z+7e*)e(M©Ke*), : (T+<5e*)e(M©Ke*) t , 

(-l) yz tp(XZ, YT) = (p((XY)Z, T) + (-l) x( > y+z+t ^{{YZ)T, X) 

+(-i)(«+»)(*+*) v ,((^r)x, Y) 
+(-iy( x +y+*)<p((TX)Y,z). 
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We infer that tp is a Malcev 2-cocycle of M with values in Ke*. Using the fact that 
M is a Malcev superalgebra we conclude that M © Ke* is a Malcev superalgebra 
as required. □ 

Proposition 2.2. Consider two Malcev superalgebras M and V , a linear map 
: M — ► Op(V), and an even skew- super symmetric bilinear map C, : MxM — ► V 
such that 

(i) VxeM a ,Y£M y ,h€V z ,i£Vt> 

(n(xy)(/ l ))i-n(x)(n(F)(ft)i)-(-i)^(n(x)(/ l ))(n(y)(i)) 
+(-i) x «Q(y)(o(x)(/ii)) + (-i) tz+x yn(Y)(n{x)({))h 

+ (t(X,Y)(h))i = 0; 

(ii) VxeM x ,zeM g ,gev y ,ieVt> 

(-i)»*{C(x,z)(^) + n(xz)(^)} = -(-i)*^n(z)(n(x)a7))i 

+ (-iyy+(*+y>Sl(Z)(n{X)(i)g); 

(iii) VxeMaj.yeMy.TeAft.hevij 

(-i)^(o(x)(/i))c(y,T) + (-i) { ( a:+ « + ^o(T)(c(x, 

+(-l)^ x+ ^ +xy Q(Y)(C(T,X))h = 0; 

(iv) ^xeM !C ,YeM v: zeM z ,TeMt > 

-(-iy z n(xz)(t(Y,T)) + (-i) t ^n(x)(o(T)(c(y,z))) 

+ (_l)*(w+*+t)+w*fl(^)(n(y)(^(r, JT))) - fi(jr)(C(yz,T)) 

-(-i) (x+a)(2+t) ^(z)(c(TX,y)) = 

= -(-l) az {C(^^ *T) + C(X, Z)C(y, 7 1 )} + C((XY)Z, T) 
+(-l) x ^ +z+t ^((YZ)T,X) + (-lY x+y ^ z+t ^C((ZT)X 7 Y) 
+ (-iy(x+y+*)£((TX)Y,Z); 

(v) e ,w , y e m v , z e a/, , » e v t , 

(-i)' yz o(xz)(^(r)(i)) - £(xy, z)i - n((XY)z)(i) 

+n(x)(n(YZ)(i)) - (-i) x yn(Y)(n(x)(ti(z)(i))) 

+(-l) ( - x+ y^ +xy Q(Z)(n(Y)(Q(X){i))) = 0. 

Then the Z2 -graded vector space M © V endowed with the multiplication 

(X + f)(Y + h) = (XY) M + (fh) v + n(X)(h)-(-iryQ(Y)(f) + aX,Y), 

where (X + f) G (M © V) x and (Y + h) G (M © V) , is a Malcev superalgebra that 
is called the generalized semi-direct product of M and V (by means ofQ and C,). In 
particular, if £ = then we have the semi-direct product of M and V (by means of 

Proof. It is analogous to the proof of the [H Theorem 3.1]. To show that M © V 
is a Malcev superalgebra it is suffices to see the axiom of definition of a Malcev 
superalgebra with ((XY)Z)T in the following cases. If all these elements are in M 
it is clear since M is a Malcev superalgebra and we have assertion (iv). For the case 
where all these elements are in V it is direct because V is a Malcev superalgebra. 
In case where one of these elements is in M and the other three are in V we 
know that Sl(X) is a Malcev operator, for all X G M. The conditions (i) and 
(ii) imply that the axiom is valid in the case X <E M X ,Y G M y ,h G V z ,i G Vj, 



QUADRATIC MALCEV SUPERALGEBRAS WITH REDUCTIVE EVEN PART 



5 



and on the other hand, the assertions (iii) and (v) show the equality in the case 
X e M X ,Y e M y ,Z e M z ,i G V t . Conversely, if M © V is a Malcev superalgebra 
these conditions are verified. □ 

Now, we shall use the particular case of generalized semi-direct product of the 
Malcev superalgebras M © Ke* and Ke (where (M, B) is a quadratic Malcev su- 
peralgebra and (Ke)j the one-dimensional abclian Malcev superalgebra with even 
part zero) 

Theorem 2.3. Let (M = Mg©Mj, B) be a quadratic Malcev superalgebra. Suppose 
that D G (Op a (M))i and A Q G M n such that 

D 2 (A ) = ^A A 

D(A X) = A D(X) - D{A )X, (2.1) 

(A X)Y = D(D(X)Y) + D 2 (XY) + {-l) x D{X)D{Y) + (-l) xy D 2 (Y)X, (2.2) 

A (XY) = D(D(X)Y) + D 2 (X)Y - (—l) xy {D 2 (Y)X + D(D(Y)X)}, (2.3) 

where X G M x , Y G M y are arbitrary. Define a map fl : (Ke)i > Op(M © Ke*) 

by 0(e) = D, where D : M © Ke* — * M © Ke* satisfies D(e*) = and 

D(X) = D(X)-(-l) x B(X,X )e*, VxeM x - 

Consider the map £ : Ke x Ke — ► M © Ke* defined by £(e, e) = Aq. Then 
t = Ke © M © Ke* equipped with the even skew-symmetric bilinear map on 6 defined 
by 

ee = A Q , 

eX = D(X)-(-l) x B(X,A )e*, VxeM x , (2.4) 

XY = (XY) M -B(D(X),Y)e*, V x ,YeM, 
e*6 = {0}, 

is the generalized semi-direct product of M © Ke* by the one- dimensional Malcev 
superalgebra (Ke)j (by means of O and (). Moreover the super symmetric bilinear 
form B : t x t ► K defined by 

B \mxm = B, 
B(e,e*) = 1, 

B(M,e) = B(M, e*) = {0}, 
B(e,e) = B(e*,e*) = 0, 

is an invariant scalar product on i. The quadratic Malcev superalgebra (t, B) is 
called the generalized double extension of (M, B) by the one- dimensional Malcev 
superalgebra (Ke)j (by means of D and A ). 

Proof. We start by showing that D is a Malcev operator of M © Ke*. For all 
(X + ae*) G (MffiKe*)^ (Y + fie*) G {M ®Ke*) y , (Z + 7 e*) G (M©Ke*) z we 
have to ensure that 

D(((X + ae*)(Y + f3e*)){Z + 7 e*)) = (D(X + ae*){Y + fie*)) (Z + 7 e*) 
-(-1)*VD(Y + (3e*)((X + ae*)(Z + 7 e*)) 
-{-l) z ^ x+y \D{Z + 7 e*)(X + ae*)){Y + j3e*) 
_(_l)«(»+»)5((y + /3e*)(Z + 7 e*)) (X + ae*). 
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Doing easy calculations, this condition is equivalent to 

D((XY)Z) - (-l) x+y+z B((XY)Z,A )e* = 

= (D(X)Y)Z - B(D(D(X)Y),Z)e* 

-(-l) xy D(Y)(XZ) + (-l) xy B{D 2 (Y),XZ)e* 

-{-l) z{x+ y\D{Z)X)Y + [-l) z( ~ x+ ^B(D(D(Z)X),Y)e* 

-(-l) x(y+z) D(YZ)X + {-l) x{v+z) B{D 2 {YZ), X)e*. 

Since D is a Malcev operator, it remains to see that 

-B((XY)Z, A ) = -B(D(D(X)Y), Z) + (-l) x yB(D 2 (Y),XZ) 

+(-iy( x+ ^B(D(D(Z)X),Y) + {-l) x{ y +z ^B{D 2 {YZ),X). 

As D is skew-supersymmetric and B is non-degenerate, it is the assertion (|2.2p . 
Now we have to care about the several conditions of Proposition 12. 21 Condition (v) 

is immediate and (iv) comes direct from D 2 (Aq) = —A^Ao- We have to verify that 

for all (Z + 7 e*) e (M © Ke*) z , (T + Se*) G (M © Ke*) t , 
(n(ee){Z + 7 e*)) (T + Se*) - fi(e)(fi(e)(Z + 7 e*)(T + Se*)) 
-(-l) z (n(e)(Z + ye*)) (n(e)(T + Se*)) - fi(e)(fi(e)((Z + 7 e*)(T + Se*))) 
-{-l) tz n(e)(n(e)(T + Se*))(Z + 7 e*) + (C(e, e)(Z + 7 e*)) (T + Se*) = 0, 

which we easily see that it is equivalent to 

-D(D(Z)T) - (-l) z D(Z)D(T) - D 2 (ZT) - (-l) zt D 2 (T)Z + (A Z)T 

-(-l) z+t B(D(Z)T,A )e* - (-l) z+t B(D(ZT),A )e* - B(D(A a Z),T)e* 

+ {-l) z B(D 2 {Z),D{T))e* + (—l) zt B(D(D 2 (T)), Z)e* = 0. 

From (|2.1[) and (|2.2p . since B is even and non-degenerate, and D is an even skew- 
supersymmetric map, this expression comes straightforward. Furthermore, we have 
to prove that for all (Y + fie*) 6 (M © Ke*) yl (T + Se*) € (M © Ke*) v 

(-l)»{C(e, e)((Y + (3e*){T + Se*)) + Q(ee)((Y + [3e*){T + Se*))} 
= (-l) y n(e)(Q(e)(Y + f3e*))(T+Se*) 
+ (-l) y n(e)(n(e){Y + (ie*){T + Se*)) 
-(-l)^ 1+t >r!( e )(fl( e )(T + Se*)) (Y + (3e*) 
-(-l)^ 1+t )r!( e )(r!(e)(T + Se*)(Y + (3e*)), 
doing easy computation, it comes 

A (YT) - B(D(A ), YT)e* = D 2 {Y)T - B{D 3 (Y),T)e* 

+D(D(Y)T) + (-l) y+t B(D(Y)T, A )e* 
-{-l) yt {D 2 (T)Y - B(D 3 (T), Y)e*} 
—(—X) yt {D(D(T)Y) + (-l) y+t B(D(T)Y,A Q )e*}. 

From l|2.ip and (|2.3p . since B is even and non-degenerate, and D is an even skew- 
supersymmetric map, we obtain the assertion (ii) of the Proposition 12.21 Finally, 
we will show that for all (Z + 7 e*) £ (M © Ke*) z , 

(-iy{n(e)(Z + 7 e*))C(e, e) + (-l)*n(e)(C(e, e)(Z + ye*)) 

+ (-l) z ft( e )(C(e,e))(Z + 7 e*) = 0, 

after some calculus, it is 

D(Z)A + D(A Z) + D(A )Z 

-B(D 2 (Z),A )e* - (-l) z B(A Z; A )e* - B(D 2 (A ), Z)e* = 0. 
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From (|2.ip , using D 2 (Aq) — —AqAq, since B is even and non-degenerate, and D 
is skew-supersymmetric we get the desired expression. It is elementary to see that 
Ke © M © Ke* equipped with multiplication defined by (|2.4|) is the generalized 
semi-direct product of Af ©Ke* by the one-dimensional Malcev superalgebra (Ke)j 
(by means of f2 and () . □ 

We use the preceeding notion to present a class of quadratic Malcev superalgebras 
with reductive even part and the action of the even part on the odd part is not 
completely reducible 

Example 2.4. Let [M — Mg ©Mj,B) be the quadratic Malcev superalgebra such 
that dimMo — 1 and the dimension of Mj is even. Let {a} be a basis of Afg and 
{v\, V2, v n , j/i, y2) •••! Vn} be a basis of Mi, with multiplication defined by 

a-v. k =yi = -Vi.a;M.yi = {0},i = 1, ...,n; 

Vi.Vj = 5ija,i,j = 1, ...,n; 

and invariant scalar product given by 

B(a,a) = l;B(Mi,a) = {0}, 
B {vuVj) = = B ( v i, v j); B (Vi, v j) = s i,j = -B{vj,Vi),i,j = I, ».,n; 



Consider {mi, mi, ...m n } C K \ {0} and the operator D S Op a (Af)i defined 
by D(a) = m iVi'i D(vi) = m^a anrf D(yi) = 0. TTien t/ie generalized double 

extension of (M,B) by the one dimensional Malcev superalagbera Ke\ ( by means 
of D and a) is a quadratic Malcev superalgebra with reductive even part and the 
action of the even part on the odd part is not completely reducible. 

Ln fact we have t = Ke©MffiKe* equipped with the even skew- symmetric bilinear 
map on t defined by 

n 

ee = a; ViVj = 5ija; evi = m^a; ae — TOij/j — e*, 

i=i 

avi = yi - TOie*, e*i = yit = {0}, 

Suppose now that Mi is a completely reducible Mo-module. Then there is an 
Mo-submodule X such that Mi = X © Y where Y =< y t ...,y n ,e* >.But MqX C 
M Mi C Y and M X C X n Y = {0}. As M Y = {0} tten M Q M X = {0} ioWcA is 
a contradiction. 

Now we shall show the converse of the Theorem 12.31 

Theorem 2.5. Let (M = MgffiMj, £?) 6e a B -irreducible quadratic Malcev superal- 
gebra such that&imM > 1. // 'j(M)flMj 7^ {0} t/ien (M,B) is a generalized double 
extension of a quadratic Malcev superalgebra (N, B) such that dim TV = dim M — 2 
by the one- dimensional Malcev superalgebra with even part zero. 

We will prove the result by showing the following sequence of claims as it is done 
in case of the quadratic Lie superalgebras [2], and in case of the odd-quadratic 
Lie superalgebras [3]. First, we will determine the quadratic Malcev superalgebra 
(N,B); then we will show that the quadratic Malcev superalgebra (M,B) is the 
generalized double extension of (N, B) by the one-dimensional Malcev superalgebra 
(Xe)i. 

Proof. Let us assume that (M, B) is a £?-irreducible quadratic Malcev superalgebra 
such that dimAf > 1 and l(M) n Mj 7^ {0}. We set e* a non-zero element of 
3(Af) fl Afj and denote L = Ke*. As B is even we have Afg C J, where J is the 
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orthogonal of / with respect to B. Since B is non-degenerate and even then there 
exists e G Mj such that B(e* , e) ^ 0. We may assume that B(e*, e) = 1. As e ^ J 
and dim J — dim M — 1 we infer that M = J ffi Ke. Consider the two-dimensional 
vector subspace A = IKe* © Ke of M. Since £? l^xA is non-degenerate we have 
AI = A ffi N, where A is the orthogonal of A with respect to B. It comes that 
B = B \nxn is non-degenerate. As B is even we have Ke* C J, and so Ke*ffiA C J. 
From dim (Ke* © A) = dim M - 1 = dim J it comes that J = Ke* ©AT. So N is 
a graded vector subspace of M contained in the graded ideal J = N © Ke* of M. 
Then we have 

XY = a(A,r) + ^(A,r)e*, Vx,YeN, 
where a(X, Y) e A and ^(X, F) 6 K. Further, 

eX = D{X)+iP(X)e*, V XeN , 
where D(JC) € A and ip(X) G K. 

Claim 1. Then A endowed with the multiplication a is a Malcev superalgebra 
and B is an invariant scalar product on A. 

Proof of Claim 1 : From graded skew-symmetry on M we get that 

a(X,Y) = -(-l) x y a (Y,X), V Xe7Vx ,y e7Vy , (2.5) 

<p(X,Y) = -(-l) x ^(Y,X), VxeN«,YeN y . 

Moreover, observing that for all X e N x , Y e N y , Z e N z , T E N t 

(XZ){YT) = a(a(X,Z),a(Y,T)) + tp(a(X,z),a(Y,T))e*, 

{{XY)Z)T = a(a(a(X,Y)Z)T) + <p(a(a(X,Y),Z),T)e*, 

by the second property of definition of Malcev superalgebras, it comes that for all 
X e N x , Y e N y , Z G A 2 , T G A t 

(-l) yz a(a(X,Z),a(Y,T)) = a(a(a(X, Y), Z), T) 

+ {-l) x(v+z+t) a{a{a(Y 1 Z),T),X) 
+ (-l) (x+v){z+t) a{a(a{Z, T), X),Y) 
+(_l)t(*+y+*) a(a ( Q ( T) X ),Y), Z), (2.6) 

and 

(-l)y<p(a(X,Z),a(Y,T)) = ip(a(a(X, Y), Z),T) 

+(-ir^ +z+t ^(a(a(Y,Z),T),X) 
+(-l)(*+i/)(*+*) ¥ ,( a ( a (2 ) T ),X), Y) 
+ (-l) t(x+y+z ^(a(a(T,X),Y),Z). 

By ()2.5p and (|2.6|) we infer that A endowed with the multiplication a is a Malcev 
superalgebra and we denote a = (,)n- It is immediate that B is an invariant scalar 
product on A completing the proof of Claim 1. 

Since e G Mj then [e, e] is not necessarily zero, and we can write 

[e,e] = A Q , 

where Aq G Ag. 
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Claim 2. Then D is an odd skew-supersymmetric Malcev operator of (TV, B) 
such that 

D 2 (A Q ) = ^(A Q A Q ) N 

D{A X) = A D(X) - D{A )X, (2.7) 

(A X)Y = D(D(X)Y) + D 2 (XY) + {-If D(X)D(Y) + (-l) xy D 2 (Y)X, (2.8) 

A (XY) = D(D(X)Y) + D 2 (X)Y - (-l) xy {D 2 (Y)X + D(D(Y)X)}, (2.9) 

for every X G M x , Y G M y . Moreover, (M, B) is the generalized double extension of 
(TV, B) by the one-dimensional Malcev superalgebra (Ke)i (by means of D and Aq). 

Proof of Claim 2: We start by proving that D is an odd skew-supersymmetric Mal- 
cev operator of (N, B). It is clear that D is a homogeneous map of degree T. The sec- 
ond property of definition of Malcev superalgebras for all X e N x , Y G N y , Z 6 N z 

(-l) yz {XZ)[Ye) = {{XY)Z)e+{-l) x(y+z+1 H{YZ)e)X 

+(-l)( x +vX*+V((Ze)X)Y + (-l) x+y+z ({eX)Y)Z, 

implies that D is a Malcev operator of N. On the other hand, Using the invariance 
of B, B([e,X],Y) = -{-l) x B(X, [e,Y]), for every X G N x , Y G N, we obtain 

B(D(X),Y) = -(-l) x B(X,D(Y)), V XeNxtYeN , 
which means that D G (Op a (N 7 B)^j . Due to — (ee)(ee) = — 2((ee)e)e we obtain 

D 2 (A ) = ^{A A )n- From B([e,X],Y) = B(e, [X,Y]), for all X,Y G TV, we get 
that 

<p(X,Y) = -B(D(X),Y), Vx,yen. 
Due to S([e, X], e) = B(e, [X, e]), for all X G N x , we conclude that 

iK*) = -(-l) x B(X,A ), V XeNa . 
Using sucessively the second property of definition of Malcev superalgebras 

-(ee)(eX) = ((ee)e)X + (-l) x ((ee)X)e + ((el)e)e 

+(-!)* ((Xe)e)e, 
{-l) x (eX)(eY) = ((ee)X)Y-{-l) x+y ((eX)Y)e + ((XY)e)e 

+ (-l) yx ((Ye)e)X, 
(-l) x (ee)(XY) = {{eX)e)Y-{-l) x+y \(Xe)Y)e 

+ {-l)( 1 + x )( 1 +v){{eY)e)X + {-l) yx ((Ye)X)e, 

for X <E M X ,Y <E M y , we infer respectively assertions (|2~7|) . ([2~8]) . and (|2~9]) . which 
states Claim 2. 

Using the results of Claims 1 and 2 we conclude Theorem 12.51 □ 

3. Structure and inductive classification of quadratic Malcev 
superalgebras with reductive even part 

Theorem 3.1. (proved in \Q) Let (M = Mq ©Mj, B) be a B -irreducible quadratic 
Malcev superalgebra such that dimM > 1. If }(M) D Mq ^ {0} then (M,B) is 
a double extension of a quadratic Malcev superalgebra (N,B) such that dim TV = 
dim M — 2 by the one- dimensional Lie algebra. 
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So to conclude our study we must analyse the case where M is a i?-irreducible 
quadratic Malcev superalgebra with reductive even part such that l(M) = {0}. 
Analogously to the Lie case (cf. [2]), the socle of M has a remarkable importance 
in this study and we can prove with the same reasoning that if M is a _B-irreducible 
quadratic Malcev superalgebra with reductive even part that is neither the one 
dimensional Lie algebra nor a simple Malcev superalgebra the socle coincides with 
the center. As a consequence of this result, with a proof analogously to the one in 
Lie case [2J, we characterize quadratic Malcev superalgebras with reductive even 
part that have null center as semisimple Malcev superalgebras. 

Finally we present an inductive description of quadratic Malcev superalgebras 
such that the even part is a reductive Malcev algebra. Clearly we improve the 
results proved in [3] since we work with a larger class of superalgebras. 

Let il be the set formed by {0}, basic classical Lie superalgebras, simple (non 
Lie) Malcev algebra and one-dimensional Lie algebra. 

Theorem 3.2. Let (M = Mq © Mi, B) be a quadratic Malcev superalgebra such 
that Mq is a reductive Malcev algebra. Then either M is an element of il, or M 
is obtained by a sequence of double extensions by the one- dimensional Lie algebra, 
or generalized double extensions by the one- dimensional Malcev superalgebra with 
even part zero, and/ or by orthogonal direct sums of quadratic Malcev superalgebras 
from a finite number of elements of il. 

Proof. The proof is by induction on the dimension of M and is analogous to the 
corresponding theorem in Lie case (cf. 0), using the fact that a simple quadratic 
Malcev superalgebra is either a basic classical Lie superalgebra or is the simple (non 
Lie) Malcev algebra. □ 
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